We prove two theorems concerning the averages <r"(&). Using only classical results we obtain a bound on lim sup«.^ a"(k) and show that this bound tends to unity for large k. By applying recent information concerning the map of the circle \z\ =r<l by the function/(z), we get estimates on lim sup,,..« on(k) for small k. Theorem 1. Let ¿>1. Then
and lim*..«, .4(¿) = 1.
Proof. We write
By the well known "Distortion Theorem"
-max
To estimate the integral expression we write
(1 -2r cos 6 + r2)*'2 = (l-r2)-*'2P*/2_i|T-¡|.
Here P"(l) is the Legendre function of the first kind of order w.
Since lim^oo P"(x)/xB = 2-nr(2«+l)/r2(«+l) [3, p. 62], we may write
where linw <pk(r) = 2-*'2+ir(¿-l)/r2(¿/2). Since C"+*,it+i=»*+1/r(^ + 2), we readily compute lim sup,,^ an(k)
A(k), where
That linu-oo A(k) = 1 may now be verified by using Stirling's formula for P(k).
While the numbers A (k) do tend to unity they decrease very slowly. (1 -r2Y
We may now prove our second theorem. It is interesting to note that for values of ¿>3 the numbers B(k)
